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Abstract 

We define a canonical map from a certain space of laminations on a punctured 
surface into the quantized algebra of functions on a cluster variety. We show that this 
map satisfies a number of special properties conjectured by Fock and Goncharov. Our 
construction is based on the “quantum trace” map introduced by Bonahon and Wong. 
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1 Introduction 

1.1 Fock and Goncharov’s duality map 

In their seminal paper |1], Fock and Goncharov associated, to a punctured surface S, a pair 
of moduli spaces denoted Asl 2 ,s and Xpgl 2 ,s- These spaces are closely related to moduli 
spaces of SL 2 - and PGL 2 -local systems, respectively. Fock and Goncharov showed that 
certain ideas from Teichmiiller theory can be understood in terms of these objects [1]. 

One of the main results of [1] (see also 0) was the existence of a duality between the 
spaces Asl 2 ,s and Xpgl 2 ,s- More precisely, Fock and Goncharov defined a space Asl 2 ,s{'^^) 
which is a tropicalization of Asl 2 ,s-i and they constructed a canonical map 

I : AsL2,s{'^^) Q.{XpGL2,s) 

from this space into the algebra of functions on Xpgl 2 ,s- The spaces Asl 2 ,s{'^^) and Xpgl 2 ,s 
admit natural coordinates and parametrized by the set / of edges of an 

ideal triangulation of S. If we number these edges so that I = {1,..., n}, then we have the 
following result. 

Theorem 1.1 ([1], Theorem 12.2). The canonical functions I{i) defined by the above con¬ 
struction satisfy the following properties: 

1. For any choice of ideal triangulation, 1(f) is a Laurent polynomial in the coordinates A, 

with highest term where a* is the coordinate of £ associated to the edge i. 

2. The coefficients of the Laurent polynomial 1(f) are positive integers. 

3. For any f, f' G Asl 2 ,s{'^^), we have 

I(f)I(f') = £")!(£") 

e''eAsL2,siz^) 


where c(f, f'; f") are nonnegative integers and only finitely many terms are nonzero. 

One of the important features of Xpgl 2 ,s is that this space is equipped with a natural 
Poisson structure and can be canonically quantized laiz!- To do this, we replace the com¬ 
mutative functions by a collection of noncommuting variables, also denoted which 
satisfy the relations 

XiX, = q^^-X,X, 

where g is a complex number and Eij is a skew-symmetric matrix determined by the ideal 
triangulation. Thus we associate to each ideal triangulation T of S' a noncommutative 
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algebra sometimes called the Cliekhov-Fock algebra in the literature. If we let denote 
the noncommutative fraction held of X!^, then for triangulations T and T', there is a map 
: X!j.i —)■ X!^ of skew helds which reduces to the classical transition function when q = 1 
and satishes the relation o for triangulations T, T', and T". These 

noncommutative algebras and the maps between them form what Fock and Goncharov call 
a quantum cluster variety [7]. 

1.2 The present work 

The purpose of the present paper is to construct a quantum version of the map I. More 
precisely, we prove the following theorem: 

Theorem 1.2. For any ideal triangulation T of S', there exists a map F = 

X^ satisfying the following properties: 

1. The Laurent polynomial I{£) agrees with F(t') when q = 1. 

2. The highest term of F(f') is 

q- T,i<j eijaiajj^ai _ _ _ 

where a* is the coordinate of £ associated to the edge i. 

3. Each 1^{£) is a Laurent polynomial in the variables Xj with coefficients in Z[g, q~^]. 

4. Let * be the canonical involutive antiautomorphism of X£j^ that Exes each Xi and sends q 
to q~^. Then *¥{£) = F(£). 

5. For any £, £' G Asl 2 ,s^\ we have 

F(£)F(f) = ^ F(£,F;r)I'^(^") 

^"6.4sL2.s(Z*) 

where F(£, £';£") G Z[g, and only hnitely many terms are nonzero. 

6. Let g be a primitive iVth root of unity for odd X. Then we have the identity 

P{N • £)(Xi,... ,X„) = l'(£)(Xf,.. .,X^). 

7. Let £ be a point of the tropical space Asl 2 ,s{'^^) with coordinates 6i,... ,bn, and let 
ai,...,a„ be integers satisfying Yhj^ijaj = 0 for all i E I. If F G AsL 2 ,si’^^) has 
coordinates Qi + bi for i E I, then 


F(f) = g-E,<,- 

i 
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For triangulations T and T', the maps and are related by o 

The properties listed in this theorem were conjectured by Fock and Goncharov in Con¬ 
jecture 12.4 of [1] and Conjecture 4.8 of [6]. The quantum duality map is expected to be 
important in physics, where it is related to the “protected spin character” introduced in [9]. 
Our construction may also lead to interesting extensions of the results of [ID] on canonical 
bases for cluster algebras. 

In [Ij and [6], Fock and Goncharov conjectured various positivity properties of the map I^. 
In particular, they conjectured that each c^{i, £', i") is a Laurent polynomial in q with positive 
integral coefficients. While we do not have a proof of this statement, we believe it is closely 
related to various conjectures and results from the literature, particularly the product-to-sum 
formula of [S] and Conjecture 4.20 of HU. 

The basic idea of the proof of Theorem 11.21 is to apply a construction of Bonahon and 
Wong from |1]. This construction involves a noncommutative algebra S"^{S) called the skein 
algebra, which depends on a quantization parameter A and delivers the algebra of regular 
functions on the S'L 2 (C)-character variety of S in the classical limit A = —1. Bonahon and 
Wong construct a natural map 

Tr^ : S^{S) 

from this algebra to the Chekhov-Fock algebra where A = 

The skein algebra S^{S) is dehned as an algebra generated by isotopy classes of framed 
links in the 3-manifold S x [0,1] modulo certain relations. This object bears some resemblance 
to the space Asl 2 ,s{'^^) fhat we considered above. Indeed, Fock and Goncharov showed in [1] 
that the set AsL 2 ,si'^^) parametrizes laminations on the surface S. A lamination is dehned 
in |3] as a collection of hnitely many simple, disjoint, closed curves on S with numerical 
weights, subject to certain conditions and equivalence relations. 

If we are given a closed curve i on the surface S, we can lift it to a framed link in S' x |0.1| 
and apply the map Trij^ to get an element of the Chekhov-Fock algebra. We extend this idea 
to get a map Asl 2 ,s{'^^) which satishes the properties in Theorem 11.21 

1.3 Organization 

The rest of this paper is organized as follows. In Section [2], we review the results we need 
from ms] and establish some technical lemmas for later use. We begin by recalling the 
dehnitions of Asl 2 ,s{'^^) and Xpcl 2 ,s and the classical duality theorem from [1]. We then 
dehne the Chekhov-Fock and skein algebras and review the construction of Bonahon and 
Wong from [!]• 

In Section [31 we dehne our canonical map using Tr^ and show that it has the correct clas¬ 
sical limit. We study the highest term of this map and its invariance under the involution *. 
We then derive a version of the product expansion formula from Theorem 11.21 

Finally, in Section 01 we prove our main results. The most technical step in this section 
involves switching between the Chekhov-Fock algebras Xif and where q = For this, 
we introduce a notion of “parity” and apply this concept to elements of the algebra Xif. 
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2 Preliminaries 


2.1 Laminations and moduli spaces 

We begin by introducing some terminology related to surfaces. Our treatment here is based 

on |1]. 

Definition 2.1. A decorated surface is a compact oriented surface with boundary together 
with a hnite (possibly empty) collection of marked points on its boundary. 

Given a decorated surface S, we can shrink those boundary components without marked 
points to get a surface S' with punctures and boundary where every boundary component 
contains at least one marked point. 

Definition 2.2. Let S' be a decorated surface. An ideal triangulation T of S is a triangulation 
of the surface S' described in the preceding paragraph whose vertices are the marked points 
and the punctures. We will write I for the set of all edges of the ideal triangulation T. 

The following dehnition describes a matrix which encodes the combinatorics of an ideal 
triangulation T. 

Definition 2.3. For i, j G I, let aij denote the number of angular sectors delimited by i 
and j in the triangles of T with i coming hrst counterclockwise, and put 

Eij •— dij dji. 

For the rest of this section, S will denote a hxed decorated surface with no marked points. 
A curve on S will be called peripheral if it is retractable to a boundary component. 

Definition 2.4 ([1], Definition 12.1). A rational bounded lamination on S is the homotopy 
class of a collection of hnitely many simple nonintersecting noncontractible closed curves 
on S with rational weights, subject to the following conditions and equivalence relations: 

1. The weight of a curve is nonnegative unless the curve is peripheral. 

2. A lamination containing a curve of weight zero is equivalent to the lamination with 
this curve removed. 

3. A lamination containing homotopic curves of weights a and b is equivalent to the 
lamination with one curve removed and the weight a + 6 on the other. 

The set of all rational bounded laminations on S is denoted Al{S, Q). 

From now on, we will refer to rational bounded laminations simply as laminations. We 
will denote by Al{S, Z) the set of all laminations i G Al{S, Q) such that i can be represented 
by a collection of curves with integral weights. 

There is a natural set of coordinate functions on Al{S,Q) defined as follows. Fix a 
lamination i G Al{S,Q) and an ideal triangulation of S. Deform the curves of i so that 
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each curve intersects each edge of the triangulation in the minimal number of points. Then 
we can dehne 

where fj-i(i) is the total weight of curves that intersect the edge i. 

Proposition 2.5 ([1], Theorem 12.1). The numbers a* {i G I) provide a bijection 

Note that this proposition gives .4,^(5', Q) the natural structure of a Z-module. If i is 
any element of Al{S, Z), we can write 


i 

where {^i}i is a collection of curves representing ^ with each homotopy class of curves ap¬ 
pearing at most once in the sum and ki G Z. 

Definition 2.6. We will write AsL 2 ,si'^^) for the set of all i G Al{S,7j) that have integral 
coordinates. 

In addition to the laminations, we will be interested in a version of the moduli space of 
PGL 2 -local systems on S. To dehne this object, let S' be the surface obtained by shrinking 
the boundary components of S to punctures. If we equip this surface S' with a complete, 
hnite-area hyperbolic metric, then its universal cover can be identihed with the hyperbolic 
plane H. The punctures on S' give rise to a set J^oo{S) of points on the boundary 5IHI, and 
the action of vri(S') by deck transformations on the universal cover gives rise to an action 
of vri(S') on this set Poo(*5'). 

Definition 2.7 (|1], Lemma 1.1). Consider the pair (p, t/’) where p : vri(S') —?■ PGL 2 {C) is a 
group homomorphism and xjj : Poo(*5') —)■ P^(C) is a ( 7 ri(S'), p)-equivariant map from the set 
described above into P^(C). That is, for any 7 G 7 ri(S'), we have 

V'(7c) = p(7)V’(c). 

We will write XpGL 2 ,si!^) for the space such pairs modulo the action of PGL 2 {C). A point 
of XpGL 2 ,s{C) is called a framed PGL 2 {fC)-local system on S. 

The space Xpgl 2 ,s{‘^) is the set of complex points of a moduli space Apgl 2 ,s- 

Proposition 2.8 (|1], Theorem 9.1). For any ideal triangulation T, there are rational func¬ 
tions Xi {i G I) on the space Apgl 2 ,s, which provide a birational map 

^pgl2,s 
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2.2 The classical canonical map 

In [1], Fock and Goncharov describe the following method for calculating the monodromy 
of a framed PGL 2 (C)-local system m around an oriented loop ^ on S. To calculate this 
monodromy, let us hrst £x an ideal triangulation T, and let Xi G C* be the coordinate of m 
corresponding to the edge i of T. Choose a square root for Xi. 

Now deform £ so that it intersects each edge of the ideal triangulation T in the minimal 
number of points. Suppose zi,..., are the edges of T that i intersects in order (so an edge 
may appear more than once on this list). After crossing the edge ik, the curve £ enters a 
triangle t of T before leaving through the next edge. If the curve i turns to the left before 
leaving t, then we form the matrix 


Mk 


-^ 1/2 

0 


X 


1/2 


X 


- 1/2 

ik 


On the other hand, if £ turns to the right before leaving t, then we form the matrix 


Mk 


X 


1/2 


X 


'^k 

- 1/2 

'^k 


xX ) ■ 


We can then multiply the matrices Mk defined in this way to get a matrix representing the 
monodromy: 

p{£) = M,...M,. 

Proposition 2.9. Let £ be a peripheral loop on S. Then p{£) has eigenvalues X“^ ... X“" 
and Xf ... X““” where a* is the coordinate of £ associated to the edge z. 


Proof. Deform the loop so that it intersects each edge in the minimal number of points. We 
may assume £ is oriented so that it turns always to the right. If Zi,..., z„ are the edges of T 
that £ crosses in order, then we can use the construction described above to compute the 
matrix p{£). It is given by 

A ( x,f 0 \ _( x][^ ...x]'’' 0 


where C* is a polynomial in the variables . The eigenvalues of this matrix are the 

diagonal elements. □ 

We will now use this construction to associate a canonical function I{£) to a lamination 
£ E AsL2,si'^^)- 

Definition 2.10 ([1], Dehnition 12.4). 

1. Let £ G Al{S, Z) be a lamination consisting of a single nonperipheral curve of weight k. 
Then the value of I{£) on m G Apgl 2 ,s{^) is the trace of the kth power of the ma¬ 
trix p{£) constructed above. 
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2. Let i G ^ 2 ,( 5 ', Z) be a lamination consisting of a single peripheral curve of weight k. 
The data of m provide a distinguished eigenspace of p{i) with eigenvalue A^, and we 
dehne the value of I{£) at m to be A^. 

3. Let £ G Al{S, Z) and write £ = where £i are the curves of £ with each homotopy 

class of curves appearing at most once in the sum and ki G Z. Then 

m ■.= i[i{kA). 

i 


Thus for any choice of square roots we dehne I{£){m) as a certain Laurent polyno- 
mial in the . Notice that if £ G Asl 2 ,s{'^^): then the total weight of curves intersecting 
an edge i of the triangulation is always even. It follows that in this case I{£){m) is a Laurent 
polynomial in the variables X* which is independent of the choice of square roots. Thus we 
get a canonical map 

I : AsL2,si'^^) Q{ApGL2,s)- 
Fock and Goncharov prove the following in [1]. 

Theorem 2.11 ([1], Theorem 12.2). The canonical functions I{£) for £ G Asl 2 ,s{'^^) satisfy 
the following properties: 

1. For any choice of ideal triangulation, I{£) is a Laurent polynomial in the coordinates Xj 
with highest term X“^ ... X“" where a* is the coordinate of £ associated to the edge i. 

2. The coefficients of the Laurent polynomial I(£) are positive integers. 

3. For any laminations £, £! G Asl 2 ,s^^i we have 

i(£)i(f) = ^ c(£, f; r)i(r) 

^"6.AsL2.s(Z*) 

where c[£^ f"; £") are nonnegative integers and only hnitely many terms are nonzero. 

If £ G Al{S, Z), it is still true that the highest term of l{£){m) is X“^ ... X“", but in this 
case the a* may be only half integers. 


2.3 The Chekhov-Fock algebra 

We now dehne a quantum version of the space Xpgl 2 ,s- Let T be an ideal triangulation of S, 
and let ti,... ,tm be the triangles of T. Label the sides of ti by e*!, 6 ^ 2 , and 6*3 in such a way 
that these edge occur in the clockwise order around ti. 

Definition 2.12. The triangle algebra 'T^ is an algebra over C generated by three elements 
Xii, Xj 2 , and Xj 3 and their inverses, subject to the relations 


XiiXi2 — Xi2Xii, Xj2Xj3 — g^Xj3Xj2, Xi^Xn — XnXi^,. 
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We think of the generator Xij of this dehnition as being associated to the side e^- of tj. 
We can now form the tensor product algebra (S)™ i 'Tti- By convention, when describing 
an element xi 0 • • • (8) of this algebra, we omit those factors Xi that equal the identity 
element 1 in Tt.. We now associate to each edge e of the ideal triangulation an element of 
this tensor product as follows: 

1. If e separates two triangles and tj, and if Xia G 7^^ and Xjh G 7^^ are the generators 
associated to the sides of and tj corresponding to e, then we consider the element 

X^ X{fi 0 ^jb‘ 

2. If e corresponds to two sides of the same triangle U, and if Xia and Xu, G 7^^ are 
the generators associated to these two sides and Wa is the side that comes hrst when 
going counterclockwise around their common vertex, then we consider the element 

Q ^ia^ib- 

Definition 2.13. The Chekhov-Fock algebra is the subalgebra of generated by 

the elements Xg and their inverses. 


The generators of the Chekhov-Fock algebra satisfy the relations 


One can also check that this algebra satishes the Ore condition from ring theory, and hence 
we can form its noncommutative fraction held The following result, originally due to 
Chekhov and Fock [3], provides a way of relating the division rings X^ for different ideal 
triangulations T. 


Theorem 2.14. Let T and T' be two ideal triangulations of S. Then there exists an algebra 
isomorphism 


; X^, X^ 


such that = ^‘iprp, o for triangulations T, T', and T". 


In the present paper, we will also consider the Chekhov-Fock algebra associated to a 
fourth root oj = of q. To avoid confusion, we will denote this algebra by instead 
of X!^, and we will denote the generators of this algebra by Z* instead of X*. There is a 
natural embedding of X!^ into this algebra which maps the generator X, to Z'f. Thus we can 
think of Zi as a formal square root of Xj. 

One would like to have maps relating the algebras 0^ for different ideal triangulations T. 
As explained in [1], for each ideal triangulation T there is a subalgebra 0^ C Xtjl of the 
fraction held of Xtjt which is well behaved with respect to change of the triangulation, and 
one has the following result: 


Theorem 2.15 (pQ, Theorem 6). Let T and T' be two ideal triangulations of S. When 
q = there is an algebra isomorphism 

0 (jJ . 
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extending the map : X!j.i —)■ and having the property that Q^rp,, = 0^^, o 0^,^,, for 

triangulations T, T', and T". 

Let us now consider the semiring Z>o[ci;, 0 ;“^] of Laurent polynomials in uj with positive 
integral coefficients. 

Lemma 2.16. If c is an element of Z>o[ci;, 0 ;“^] whose classical limit is 1, then c = w™' for 
some integer m. 

Proof. Since c lies in Z>o[u,u~^], we can write c = CjO;* where the sum is hnite and 
Ci G Z>o. Since we have c = 1 in the classical limit, we know 0 = 1- Since each of the q 
is a nonnegative integer, it follows that = 1 for some m, and all of the other Cj vanish. 
Thus c = for some m. □ 

The following is a canonical way of forming the product of a collection of noncommutative 
factors in the Chekhov-Fock algebra. 

Definition 2.17. If Xi,... ,Xn are elements of an algebra such that XiXj = oj'^'^'^XjXi, then 
the Weyl ordering of the monomial a:i... is the monomial 

[xi . . . Xn] = ...Xn. 

The importance of this formula stems from the fact that it is invariant under all permu¬ 
tations of the Xi- 

Lemma 2.18. Let * be the canonical involutive antiautomorphism of Zf. If c • 

with c G Z>o[a;,a;“^] is a monomial which is ^-invariant and has classical limit Zf^ ... Zf", 

then c • .. Zf- = [Zfi ... Zf-^]. 

Proof. Let c • Zf^ ... be an expression satisfying the hypotheses of the lemma. Then 
the classical limit of c G Z>o[a;,a;“^] is 1, so by Lemma [2.161 we can write c = a;"* for some 
integer m. Since the expression is ^-invariant, we have *(c • Z^^ ... Z/f") = c ■ Zf^ ... Z^", or 
equivalently 

We have 


Z^" ... Zf^ = ... Zf^) 

— ..-‘i'ZicjSijr-ir-j vri vr-n 

u ./ -^1 • • • ) 


and thus ^-invariance is equivalent to 

^ 1^1 _ _ _ ^ . . . Z!f". 
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Equating coefficients, we find that —m — 2 J2i<j or equivalently 



c • 


is the Weyl ordering of the classical limit Zf^... Z^". 


□ 


2.4 The skein algebra 

In this section, we review the skein algebra of a surface, following [1]. 

Definition 2.19. If ii" is a one-dimensional submanifold of a three-dimensional manifold M, 
then a framing for ii' is a continuous map that assigns to each point p E K & vector Vp G TpM 
such that Vp is transverse to K. For any surface S, a framed link K C S x [0,1] is a 
1 -dimensional submanifold with framing such that 

1. dK = K n d{S X [0,1]) consists of finitely many points in {dS) x [0,1]. 

2 . At every point of dK^ the framing is vertical, that is, parallel to the [0,1] factor and 
pointing towards 1 . 

3. For every component 7 of dS, the points of dK that are in 7 x [0,1] lie at different 
elevations, that is, at different points of the [ 0 , 1 ] factor. 

An isotopy of framed links is required to respect all three conditions. 

When drawing pictures of framed links projected to the surface, it is useful to adopt the 
conventions of Bonahon and Wong p. Suppose S' is a decorated surface and 7 is a segment 
of dS connecting adjacent marked points. If A' C S' x [0,1] is a framed link, then the points 
of {dK) n (7 X [0,1]) are ordered by their elevation. To capture this information in pictures, 
we choose an arbitrary orientation of the edge 7 . We then have two orderings of the set 
{dK) n (7 X [0,1]). One is the order given by the elevations, and the other is given by the 
orientation of 7 if we identify each point of {dK) 0 (7 x [0,1]) with its projection to 7 . After 
an isotopy of K, we can arrange that these two orderings coincide. We can then represent 
the link by drawing its projection to S', and we can recover the ordering of {dK) fl (7 x [0,1]) 
by elevation using the chosen orientation of 7 . Note that if we reverse the orientation of 7 , 
then we must modify the projection of K by applying a half twist as illustrated below: 
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Definition 2.20. We write }C{S) for the vector space over C generated by isotopy classes of 
framed links in S' x [0,1]. If Ki and K 2 are elements of JC{S), we write K 1 K 2 for the element 
defined as the union of Ki and K 2 with Ki rescaled to lie in S' x [0, |] and K 2 rescaled to lie 
in S' X [|, 1], The space /C(S') equipped with this operation is called the framed link algebra. 

Definition 2.21. Three links Ki, Kq, and Koo form a Kauffman triple if they coincide 
everywhere except over a small disk in S where they look like the pictures below equipped 
with the vertical framing: 



The skein algebra S^{S) is the quotient of the framed link algebra /C(S') by the two-sided 
ideal generated by all elements Ki — A~^Ko — AKoo where {Ki, Kq, Koo) ranges over all 
Kauffman triples. An element [K] G S^{S) represented by a framed link K is called a skein. 

By construction, the elements of S^{S) satisfy the skein relation 

[Ki]=A-\Ko]+A[Koo] 

whenever [Kq, Ki, Koo) is a Kauffman triple. 

In what follows, we will often consider skeins equipped with additional data: 

Definition 2.22. A state for a skein [K] G iS^(S') is a map s : dK —} which 

associates a sign ± to each point of dK. A stated skein is a skein equipped with a state, and 
we write S^{S) for the algebra generated by stated skeins. 

In addition to the superposition operation for multiplying skeins, there is a gluing op¬ 
eration that we can use to combine two skeins to get a third. Suppose that Si and S 2 are 
decorated surfaces equipped with ideal triangulations Ti and T 2 , respectively. Let ei C dSi 
and 62 C dS 2 be boundary edges of the triangulations, and suppose that we glue the surfaces 
Si and S 2 along ei and 62 to obtain a new decorated surface S with an ideal triangulation T. 
We allow the “self-gluing” case Si = S 2 as long as the edges Ci and 62 are distinct. 

Now suppose we are given skeins [Ki] G iS^(S'i) and [K 2 ] G iS''^(S' 2 ) such that Ki fl (ci x 
[0,1]) and K 2 r\{e 2 x [0,1]) have the same number of points. By applying an isotopy of framed 
links, we can ensure that Ki and K 2 glue together to give a framed link A' C S' x [0,1]. 
This new link is well defined since we assumed that the points of Ki fl (ci x [0,1]) and 
K 2 n (e 2 X [0,1]) lie at different elevations. This link represents a skein [K] G 5^(S') called 
the skein obtained by gluing [Ki] G iS''^(S'i) and [K 2 ] G iS^(S' 2 ). 

Definition 2.23. If the skein [K] G iS^(S') is obtained by gluing [A'l] G iS^(S'i) and [A' 2 ] G 
‘ 5 '^( 5 ' 2 ), then the states s : dK —)■ {-|-, —}, si : dKi —)■ and S 2 : dK 2 —)■ {-f, —} are 

said to be eompatible if si and S 2 coincide on dKi fl (ci x [ 0 , 1 ]) = dK 2 fl (02 x [ 0 , 1 ]) for the 
identification given by the gluing and if s coincides with the restrictions of Si and S 2 . 
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2.5 Quantum traces 

In [1], Bonahon and Wong constructed a natural map from the skein algebra into the 
Chekhov-Fock algebra. In this section, we will review some of the details of this construction. 
These results will play a crucial role in our construction of I'^. 

Theorem 2.24 (P, Theorem 11). For A = uj there is a unique family of algebra homo- 
morphisms 

Tr" : 5.''(S) ^ 

defined for each decorated surface S and each ideal triangulation T of S', such that 


1. If the surface S is obtained by gluing Si and S 2 , if the ideal triangulation T is obtained 
by gluing the ideal triangulations Ti of Si and T 2 of S 2 , and if the skein [K] G S^{S) 
is obtained by gluing [Ki] e S^(Si) and [K 2 ] G S^(S 2 ), then 

Tr^{[K,s]) = Tr^,([i^i,Si])®Tr^^([iF 2 ,S 2 ]) 

compatible si,S2 

where the sum is over all states Si and S 2 that are compatible with s and with each 
other. Similarly, if the surface S, the ideal triangulation T, and the skein [K] are 
obtained by gluing Si, Ti, and [Ki], respectively, to themselves, then 

TV¥(|A',s])= TVndA'i.sJ). 

compatible si 


2 . 


If S is a triangle and K projects to the following single arc embedded in S with vertical 
framing at every point. 



then we have 


Tr¥(|A,sl) 


0 if CTi = -, (J2 = + 

otherwise 


where Zi and Z 2 are the generators of the triangle algebra associated to the sides of S 
that intersect the arc with states ai and (T 2 , respectively. 


3. 


If S is a triangle and K projects to the following single arc embedded in S with vertical 
framing at every point. 
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then we have 


Tt-A[K,s]) 


if CTi = (72 

if CTi = +, (72 = - 

if C7i = -, (72 = +. 



Recall that in Section 12.21 we described how to construct for any oriented loop £ on S' a 
matrix p{i) whose entries are Laurent polynomials in the square roots Xp .If we replace each 
Xj^^ in this construction by the corresponding generator Zj of the Chekhov-Fock algebra 
then we get a matrix whose entries are elements of Z^ and we denote this matrix again 
by p{i)- In particular, if [K] is a connected skein with dK = 0, then we can apply this 
construction to its projection and take the trace to get an invariant denoted Trj^([iF]). 

Theorem 2.25 ([T], Theorem 1). When a; = 1 the map Tr^ : S^{S) —)■ coincides with 

Tr^ : 5^^) ^ Z^. 

The map TriJ^ provided by Theorem 12.241 depends on the choice of ideal triangulation T, 
but Bonahon and Wong show that it is well behaved with respect to changes of triangulation. 
More precisely, this map has image in the algebra and they prove the following result. 

Theorem 2.26 ([T], Theorem 2). Let T and T' be two ideal triangulations of S, and let 
[K] G S^{S). Then the coordinate change map 





Z!^ 


takes the Laurent polynomial Tr^,([iF]) to the Laurent polynomial Try([iF]). 

We will now review the main ideas involved in the construction of Tr^. In [1], Bonahon 
and Wong dehne a split ideal triangulation T to be the cell decomposition of a surface 
obtained from an ideal triangulation T by replacing each edge i by two parallel copies of it, 
separated by a biangle. 

Lemma 2.27 ([1], Lemma 23). Let K he a framed link in S' x [0,1], and let T be a split ideal 
triangulation of S. Then K can be deformed by an isotopy so that it satishes the following 
conditions. 

1. For every edge f of T, iF is transverse to i x [0,1]. 

2. For every triangle tj of T, the intersection K fl {tj x [0,1]) consists of hnitely many 
disjoint arcs, each of which is contained in a constant elevation surface and joins two 
distinct components of dtj x [0,1]. 

3. For every triangle tj of T, the components of LF fl {tj x [0,1]) lie at different elevations, 
and their framings are vertical. 

Definition 2.28. When a link K satisfies the conditions in this lemma, we say that it is in 
good position with respect to the split ideal triangulation T. 
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Suppose that i? is a biangle whose sides are oriented in the same direction and is a 
framed link in S x [0,1] whose projection to B has no crossing when drawn according to our 
picture conventions. Let s be a state for [K]. In pQ, Bonahon and Wong associate a number 
Tr'^ ([iL,s]) to these data. To calculate this number, let be the number of components 
of the type illustrated on the left below. Let 6 ^^ be the number of components of the type 
illustrated in the middle and the number of the type illustrated on the right. Let d be 
the number of closed components. 


B 


B 


B 


0-1 





0-2 

) 


( 


(T2 

J 


V 


Definition 2.29 ([T], Lemma 20). For a stated skein [K,s] G Sf^{B) with no crossing, let 
^ dehned as above. If one of the numbers al, a+, bZ, c|, or cl is 
nonzero, then Tr^([iF, s]) := 0. Otherwise, 

Tr‘^([iL,s]) := 

More generally, if [K,s] G S^{B) is a stated skein represented by a link K with the 
vertical framing whose projection to B has crossings, then we hrst use the skein relations 
to write [K] = where N and Pi are integers and each Ki is a link with no 

crossings, equipped with the vertical framing. Then we dehne 

N 

i=l 

In this way, we associate a number Ttb{[K, s]) to any stated skein [K, s] G S^{B). 

Now suppose iL is a framed link in S' x [0,1] which is in good position with respect to 
a split ideal triangulation T. For each triangle tj of T, we put Kj = K H {tj x [0,1]), and 
for each biangle i?i, we put Li = K n (Bt x [0,1]). Let ki,... ,ki be the components of Kj 
in order of increasing elevation, and dehne 


IrrAKi, sj]) := TV“ ([fc, s,]) 1V“ (|fe, s,])... 1V“ sj) 
where Tr^.{[ki, Sj]) is dehned as in part [2] of Theorem 12.241 Then Trij^([iF, s]) is dehned as 


compatible <jj,Ti i=l j=l 


where the sum is over all states aj : dKj —)■ {+, —} and r* : dLi —)■ {+, —} that are 
compatible with s : dK —)• {+, —} and with each other. It follows from [1], Proposition 26 
that this expression Tr^([iF, s]) depends only on the isotopy class of K and the state s. 


15 










Lemma 2.30. Let * be the canonical involutive antiautomorphism of Z'^. If iL C S' x [0,1] 
is a link with the vertical framing and no crossings, then =t:Tr^([iL]) = Tr!j^([iL]). 

Proof. Each triangle algebra Tf’ has an involutive antiautomorphism * dehned on generators 
by the formulas *Zji = Zji and * 0 ; = a;“L Dehne an operation * on 7^“^ by 

*(a;i ® ■ ■■ ® Xm) = (*a;i) 0 • • • (g) {*Xm)- 


This operation is an antihomomorphism. Moreover, for any generator Zi of the Chekhov-Fock 
algebra we have *Zi = Z^, so this operation * induces the familiar antiautomorphism on Zf. 
Now Tr!ji([iL]) is obtained by summing the products 11^=1 t]) (Sl^i o'j]) 

where Tr^ ([iL^, cij]) is a product 

Trp|A-,,<T,]) = Tr“(|fci,<T,]) . . . Trp[i,, a,]) 

of Weyl ordered expressions Tr^ ([/cj, cij]) = [ZJ^ZJf]. These last expressions are ^-invariant, 
so the ^-operator on acts by reversing the order of the factors in the product aj]). 

It acts on the product 11^=1 t]) ^y sending u to The quantum trace Try([iL]) 

transforms in the same way when we apply the elevation-reversing map to K. In other words, 
we have *Tr^([iL]) = Tr^([iL']) where K' is obtained from K by applying the map 

^ X [0,1] ^ ^ X [0,1] 


given by 

(x, t) 1-4 (x, 1 — t). 

If K has no crossings, then these links K and K' are isotopic, so we have TriJ^([iL']) = 
TriJ^([iL]). This completes the proof. □ 


3 The quantum canonical map 

3.1 Definition of the map 

Let S' be a punctured surface that admits an ideal triangulation T. In this section, we dehne 
an element G Zf for any lamination i G Ml(S', Z) and prove that our dehnition is 

independent of all choices. We begin by dehning for certain special laminations i, and 
then we extend the dehnition to arbitrary laminations by multiplicativity. 

Definition 3.1. Let £ be a lamination consisting of a single peripheral loop on S. For an 
ideal triangulation T of S, we dehne 

mi) 

where /ij = 2aj is twice the coordinate of I associated to the edge i. 
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In this definition, we had to choose an ideal triangulation T of S' and a labeling of the 
edges so that Zi is the generator of the Chekhov-Fock algebra associated to the edge i. We 
now show that is well behaved under changes of the triangulation. 

Lemma 3.2. If £ is a lamination consisting of a single peripheral loop of weight 1 on S', and 
K is a. link in S' x [0,1] with constant elevation and the vertical framing that projects to £, 
then ]I^(^) is the highest term of Tr^([iF]). 

Proof. The highest term of TTf{[K]) arises in Bonahon and Wong’s state sum as the term 
corresponding to the state that assigns + to every point. This term is the unique highest 
term, and its coefficient lies in Z>o[a;,By Lemma [2.301 Tr^([iF]) is ^-invariant. When 
we apply the map * to Tr^([iL]), the highest term maps to another term with the same total 
degree, so this highest term must be mapped to itself. In other words, the highest term is 
^-invariant. By Proposition 12.91 the classical limit of the highest term is and 

therefore the highest term of the quantum trace Tr^([iF]) is [Z^^ ... Zf^"] by Lemma [2.181 □ 

Lemma 3.3. Let £ he a lamination consisting of a single peripheral loop on S. If T and T' 
are ideal triangulations of S', then = \^[£). 

Proof. Suppose the loop £ has weight 1. Let K he a link in S x [0,1] with constant elevation 
and the vertical framing that projects to £. By Lemmathe expression ff{£) is the highest 
term of Tr^([iF]), which arises in the state sum from the state that assigns + to every point. 
Similarly, If,{£) is the term in Tr^,([iF]) corresponding to the state that assigns + to every 
point. By the proof in [1] of our Theorem 12.261 these two expressions are related by the 
coordinate change map. 

This proves the lemma in the special case where £ consists of a single peripheral loop of 
weight 1. For such a lamination, we have I‘^{k£) = I‘^{£)^. The lemma follows from this and 
the fact that the coordinate change map is an algebra homomorphism. □ 

Definition 3.4. Let £he a lamination consisting of a single nonperipheral curve of weight 1 
on S. Let T be any ideal triangulation of S. Then 


:=Tr¥([A-]) 


where K is a framed link in S' x [0,1] with constant elevation and vertical framing that 
projects to £. 

By Theorem 12.261 we have Q‘fj,,Iif,{£) = ly(f') for ideal triangulations T and T'. We 
therefore write when there is no possibility of confusion. 

To define the quantum canonical map for a lamination consisting of a curve of weight 
/c > 1, we need the following special polynomials. 


Definition 3.5. The Chebyshev polynomials Fk{t) € Z[f] are defined by Fo{t) = 2, Fi{t) = t, 
and the recursion relation 

Fk+i{t) = Fk{t) - t- Fk-i{t) 

for k > 1. 
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The polynomials T^it) defined by To(t) = 1, Ti(t) = t, Tk+i(t) = 2tTk(t) — are 

what are usually called Chebyshev polynomials of the first kind. They are related to our 
Chebyshev polynomials Fk{t) by Fk{t) = 2Tk{t/2). For us, the most important fact about 
the polynomials Fk{t) is the following, which relates them to traces of 2 x 2-matrices: 

Proposition 3.6. For any M G SL 2 {C) and any nonnegative integer /c, we have 

Tr(M^) = Ffc(Tr(M)). 

Proof. The statement is clear for k = 0, 1. Assume inductively that it holds for all k < N. 
A straightforward calculation shows that for any 2x2 matrix A and any B G SL 2 {C), we 
have the identity 

Tr(A) Tr(5) = Tr(A5) + Ar{AB-^). 

Applying this identity with A = and B = M, we find Tr(M^) Tr(M) = Tr(M'^+^) + 
Tr(M'^“^), or equivalently, 

Tr(M^+^) = Tr(M^) Tr(M) - Tr(M^-^) 

= F^(Tr(M)) Tr(M) - F^_i(Tr(M)) 

= F^+i(Tr(M)). 

The proposition follows by induction. □ 

Corollary 3.7. Let £ be a lamination consisting of a single nonperipheral curve of weight 1, 
and let k be any positive integer. Then 

i{ki) = Fu{m). 

Proof. Recall that I{i) is equal to the trace of a matrix M G SL 2 {C), while I{ki) is equal to 
the trace of M^. By Proposition 13.61 we have Tr(M^) = FkfTr(M)). □ 

This result motivates the definition of the quantum canonical map for loops with weight 
an integer k > 1. 

Definition 3.8. Let £ be a lamination consisting of a single nonperipheral curve of weight 1, 
and let fc be a positive integer. Then we define 

r{ki) := Fk{r{i)) 

where F^ is the fcth Chebyshev polynomial. 

A priori, one might expect the correct definition of to involve some deformation of the 
Chebyshev polynomial F^ with coefficients in Definition 13.81 appears however to 

be an almost unique definition of having certain desirable properties. A more thorough 
investigation of the possible uniqueness of our construction is a problem for future research. 

We now wish to extend the definition of the quantum canonical map to all laminations 
by multiplicativity. To show that the result is a well defined element of the Chekhov-Fock 
algebra, we will need the following two lemmas. 


18 





Lemma 3.9. If £ is a lamination consisting of a single peripheral curve, then is a 

central element of the Chekhov-Fock algebra. 

Proof. Suppose the curve of E has weight 1. Let p denote the puncture to which this curve 
retracts, and let ji,..., jr be the edges of the triangulation that end at p. (An edge appears 
twice on this list if both of its endpoints are the puncture p.) We claim that for any edge i 
of the ideal triangulation, we have 

r 

= 0- 

s=l 

Indeed, if i is an edge of the ideal triangulation with the property that = 0 for all 
s G {1,... ,r}, then this equation clearly holds. On the other hand, if we have Sij^ ^ 0 for 
some js, then one can check that the number of edges js that lie immediately to the left of i 
is the same as the number of edges that lie immediately to the right. It follows that the 
claim is true in this case also. Hence 

... %) = 

= ... Zjf)Zi, 

so the generator Zj commutes with f^{£) = ... Zj^]. Hence it commutes with = 

r(£)^ " □ 

Lemma 3.10. If i and £' are disjoint simple closed curves on S, and if k and k' are integer 
weights for £ and £', then I'^{k£) and I‘^{k'£') commute. 

Proof. By Lemma 13^ it suffices to check this when £ and £' are both nonperipheral. In this 
case, we have 1^{£) = Pi'fifK]) and 1^{£') = Tr^([iF']) where K and K' are framed links 
with constant elevation and vertical framing that project to £ and f", respectively. Since the 
quantum trace map is an algebra homomorphism, it follows that 

r{£)r{£') = Tr^([A:]) Tr^([A:']) 

= TV?(1A'|1A"|) 

= TV^dA'IlA'I) 

= Tr"([A-'])Tr“([A']) 

= E"(f')r(<). 

By applying Dehnition 13.81 we can express l^{k£) and l^{k'£') as polynomials in and 
1^{£'), respectively. It follows that these expressions commute. □ 

The following is the main dehnition of the present paper: 

Definition 3.11. Let £ be any lamination in ^^(5,Z) and write £ = 'Yhik^i where £i are 
the curves of £ with each homotopy class of curves appearing at most once in the sum and 
ki E Tj. Then 

r(£) ■.= l[rih£^). 

i 

In particular, the value of on the empty lamination is the identity. 
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By Lemma 13.101 this product is independent of the order of the factors. Let us examine 
the classical limit of this expression. 

Proposition 3.12. For any lamination i, the classical limit of I^(£) is identihed with I(£) 
where the generator Zj is identihed with X- ' . 

Proof. If £ is a lamination consisting of a single peripheral curve on S, then we have I^(^) = 
I(£) by Dehnitions 12.101 and 13.11 Proposition 12.91 and Theorem 12.111 If £ is a lamination 
consisting of a single nonperipheral curve of weight 1, then I^(^) = Tr;^([iL]) = !(£) by 
Theorem 12.251 Moreover, if k is any positive integer, then we have 

I\ki) = 

= F,m) 

= i{ki) 

by the previous remarks and Corollary 13.71 The proposition now follows from Dehnition l3.11l 

□ 


Recall that * denotes the canonical involutive antiautomorphism of Zf. 

Proposition 3.13. For any lamination i G Al{S,Z), we have 

Proof. By Lemma [2.301 the element f^{i) is ^-invariant whenever £ is a lamination consisting 
of a single nonperipheral curve of weight 1. For any positive integer fc, we can express I‘^{k£) 
as a polynomial in with integral coefficients, so this element \^{k£) is ^-invariant as 
well. Finally, for a lamination £ consisting of a single peripheral curve, the element f^{£) is 
^-invariant by inspection. □ 

If F is an element of Zf having a highest term, then we will write [F]^ for this highest 
term. Recall that by Theorem 12.111 the Laurent polynomial {£) has highest term of the 
form ... Z^" where pj = 2aj is twice the coordinate associated to the edge i. We now 
examine the highest term of the quantum analog I‘^{£). 

Proposition 3.14. Let £ G Al{S,'Z) be a lamination on S. Then the unique highest term 
of F(£) is 

[r{£)f = [Zfi ... Z/^"] 

where /ij = 2aj is twice the coordinate of £ associated to the edge i. 

Proof. If £ is a lamination consisting of a single curve, then the expression I^{£) has a unique 
highest term, and its coefficient lies in Z>o[a;, Thus the same is true of I‘^{£) for any 

lamination. By Proposition 13.131 is ^-invariant. When we apply the map * to f^{£), 
the highest term maps to another term with the same total degree, so this highest term must 
be mapped to itself. In other words, the highest term is ^-invariant. By Lemma [2.181 this 
term equals the Weyl ordering of its classical limit, namely [Z(^^ ... Z{^"]. □ 

This result has a consequence that will be useful later. 


20 
























Lemma 3.15. If ^ and are distinct laminations, then the two monomials obtained by 
taking the classical limits of the highest terms of ^^{i) and 1[‘^(£') are distinct. 

Proof. Proposition 13.141 savs that the classical limits of the highest terms of these expressions 
are and Z'f^... Zfp where /ij = 2aj, p.' = 2a', and a* and a' denote the coordinates 

of I and f", respectively. This proves onr claim since two laminations are eqnal if and only if 
their coordinates coincide. □ 

In [2], Bonahon and Wong stndied their qnantnm trace constrnction in the special case 
where A is a root of nnity and proved the following resnlt. 

Theorem 3.16 ([2], Theorem 21). Let S' be a pnnctnred snrface with no bonndary, and let 
T be an ideal triangnlation of S. If is a primitive A^th root of nnity, A = cj~^, k = , 

and L = , then for any skein [K] G S'^{S) with the vertical framing and projecting to a 

simple closed cnrve, we have 

TT^AMimiZu ..., ^n) = Tr^([iP])(Zf,..., Zf). 

3.2 Results on Chebyshev polynomials 

In this section, we will introdnce a technical tool, the notion of an inverse Chebyshev poly¬ 
nomial. This terminology is not standard and will be nsed again only in Section 13.31 

Definition 3.17. For a positive integer A;, an inverse Chebyshev polynomial of degree fc is a 
polynomial 

k 

^k{t) = e z[t] 

i=0 

snch that 


k 

{AiAf = Ck,o + Y,(^k,Ai{A^) 

i=l 


for all A G SL(2,C). 

Note that this last eqnation is different from the eqnation (TrA)^ = Tr(Ffc(y4)) becanse 
of the constant term Ckp- If we like, we can rewrite it as 

(Trkl)'' = Tr(Ffc(A))-Ffc(0) 

for all A G SL{2, C) becanse Tr(yl°) = 2 and Fk{0) = Ckp. 

Lemma 3.18. For each positive integer fc, there exists an inverse Chebyshev polynomial of 
degree fc, which is a monic polynomial whose coefficients are nonnegative integers. 
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Proof. We will prove the existence of a monic polynomial Fk{t) of degree k with nonnegative 
integer coefficients satisfying the desired property by induction. Observe that Fi(t) = t gives 
the desired result in the case k = 1. Let /c be a positive integer, and suppose that we have 
a polynomial 

k 

Fk{t) = G Z>o[t] 

i=0 

with Ck,k = 1 which is an inverse Chebyshev polynomial. Observe that for any A G SL{2, C), 
we have 


{TtA)^+^ = {TtA)\TtA) = {TviFkiA)) - F,(0)) ■ (Tr A) = Tr(Ffc(A)) ■ (Tr A) - Ck,o{TT A) 
= TviFkiA) • A) + TviFkiA) • A-') - Ck,oiTv A) 


Tr +Tr - Ck,oiTv A) 

Tr + Ck,k-iA^ + + + CkfiA ^ + Ck^iAP — CkflA 

Tr iA^^^ + Ck^k-iA^ + (^ ^fck,i-i + Cfc,i+i)W^ + Ck^iAP 


A=l 


where the sums meant to be zero if /c — 1 < 1. The last equality comes from 

Tr(Ll) = Tr(yl-i), 


which holds for all A G 5'L(2, C) because the the complex eigenvalues of A are always a 
and a~^ for some nonzero complex number a and thus Tr(A) and Tr(A“^) both equal 
a + q;“L 

Now dehne a polynomial Fk+iit) G Z[f] by 

(cfc,i-i + Ck^i+i) + 2cfc^i 

where the sum is meant to be zero if k—1 < 1. Then we have (TrA)^’'-! = Tr(.Ffc+i(yl)) — 
Ffc+i(0) for all A G *S'L(2, C). Note also that Fk+iit) is monic with degree k + 1, and that all 
its coefficients are non-negative integers, because all of Ck^k-i, ■ ■ ■, Ck,i, Ckfi are. The existence 
of Fkit) for all positive integers k follows by induction. □ 

Lemma 3.19. For each positive integer k, we have 

= Fkit) + Ck^k-iFk-iit) -!-••• + Ck^iFiit) -\- Ckfi G Z[f] 

where Fkit) = ^ is an inverse Chebyshev polynomial of degree k. 


'k-l 




. 2=1 
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Proof. For any k > 1 and any A G SL{2, C), we have 


k k 

(Tr A)'' = Ckfi + ^ Tr(v4*) = Ck,o + Cfc,iF^(Tr A). 

i=l i=l 

So if we let F{t) := — Cfc,o — Yl\=i <^k,iFi{t) G M[f], then F(Tt A) = 0 for all A G SL(2, C). 

It follows that F{t) = 0 G Z[f]. □ 


3.3 Product expansion 

In this section, we prove a qnantum analog of the classical formnla for the prodnct 
in Theorem 12.111 We begin with some facts abont cnrves on a pnnctnred surface. 

Let £ be a lamination on S consisting of a single peripheral loop of weight 1 that retracts 
to a puncture p. By applying a homotopy, we may assume that this loop intersects the edges 
of the ideal triangulation T in the minimal number of points. Orient this loop so that it 
travels in the counterclockwise direction around the puncture p. 

Definition 3.20. A triangle t of T will be called relevant if one of its vertices is p and very 
relevant if all of its vertices are p. Thus a very relevant triangle intersects i in three segments 
as illustrated below. 



Such a triangle will be called weird if we traverse the segments in the cyclic order si, S 2 , S 3 
as we travel along the curve ^ in the direction given by the orientation. 

Lemma 3.21. Among all relevant triangles, there is one that is either not very relevant or 
very relevant but not weird. 

Proof. Suppose for a contradiction that all triangles are very relevant and weird. If we travel 
once around the curve in the counterclockwise direction, starting from some chosen initial 
point in the interior of a triangle, then we will meet each edge twice. Let A be the hrst edge 
that we meet when traveling away from the initial point, and label the other edges of the 
triangle containing this initial point in its interior as follows: 



23 






Then the sequence of edges that we meet as we travel around the curve has the form 
ii,... ,* 1 ,^ 2 , • • •, * 2 , * 3 , • • • ,* 3 - The second edge in this sequence cannot be ii, 12 , or * 3 , so 
it must be some other edge * 4 . 



The third side of the triangle having ii and *4 as sides cannot be * 2 , * 3 , or *4 since each of 
these has already appeared twice in the sequence. So it must be some other edge * 5 . Thus 
the sequence has the form 

*1,*45 • • • 5 *4;*5) ■ ■ ■ )*5;*1)*2, ■ ■ ■ 5 ^2,*3; ■ ■ ■ )^3- 

The third edge of this sequence cannot be one of the edges * 1 , *25 *35 *45 or *5 since each 
of these has already appeared twice in the sequence. Since there are only hnitely many 
triangles, this process cannot continue forever, and we have a contradiction. □ 

An edge of T will be called relevant if one of its endpoints is p. We now describe 
an algorithm for assigning an orientation to each relevant edge. To do this, we begin by 
choosing a point on i that lies in the interior of some triangle. We then travel along i in the 
counterclockwise direction around p starting from this point and assign orientations to the 
edges we meet as follows: 

1. When we meet a relevant edge that has not been assigned an orientation, we give it 
the “left” orientation (pointing into the puncture). 

2. When we meet an edge that has already been assigned an orientation, we pass it by, 
leaving the orientation as it is. 

In this way, we assign an orientation to every relevant edge. These orientations are completely 
determined by the choice of starting point. 

Lemma 3.22. For an appropriate choice of initial point on i, we can orient the relevant 
edges of T by the algorithm described above, and there will be no very relevant cyclically 
oriented triangles. 

Proof. Orient i in the counterclockwise direction around p. By Lemma 13.211 we know that 
there exists a triangle which is either not very relevant or very relevant but not weird. Let 
us choose the initial point to lie in the interior of this triangle. Then we use the algorithm 
to orient all relevant edges of T. 
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Suppose there is a very relevant triangle oriented as in the picture below. 



Consider the algorithm that we used to assign orientations to this triangle. When we hrst 
met edge 1, we gave it the left orientation and then followed the curve to edge 2. Since edge 2 
has the right orientation, we must have previously assigned its orientation and followed the 
curve to edge 3. But then we must have previously assigned this orientation and followed 
the curve to edge 1, a contradiction. On the other hand, suppose there is a very relevant 
triangle oriented as in the picture below. 



In this case, one can check that the initial point must lie in the interior of this triangle. 
Moreover, the triangle must be weird in the sense dehned above. This contradicts our choice 
of the initial point. The lemma follows. □ 

Lemma 3.23. Let £ be a lamination consisting of a single peripheral loop of weight 1 on S, 
and let K he a framed link in S' x [0,1] that projects to £ with constant elevation and the 
vertical framing at every point. Then Tri^([iC]) is a Laurent polynomial in the variables Zi 
with coefficients in Z>o[a;, 

Proof. By Lemma 13.221 we can orient the relevant edges of T so that there are no cyclically 
oriented triangles. Consider the split ideal triangulation T associated to T. The orientations 
of the edges of T induce orientations of the corresponding edges of T. If f is a triangle 
in T, then t is either not very relevant, meaning that it has at most two corners with a 
segment, or very relevant but not cyclically oriented, so we can choose distinct elevations for 
the components of K (1 {t x [0,1]) in such a way that there are no crossings over t and the 
elevations are consistent with the picture conventions following Dehnition 12.191 It follows 
that we can deform K into good position with respect to T in such a way that the resulting 
link has no crossings and is consistent with our picture conventions. Then the lemma follows 
from the definition of the quantum trace Try([iC]). □ 

Lemma 3.24. Let £ be a lamination consisting of a single peripheral loop of weight 1 on S, 
and let K he a framed link in S' x [0,1] that projects to £ with constant elevation and the 
vertical framing at every point. Then 

Ti^{[K]) = r{£) + r{-£). 


25 








Proof. Recall that if £ is a peripheral curve, then the classical functions I{i) and II(—•^) are 
dehned as eigenvalues of a matrix M G SL 2 {C), and Tr(M) = !(£) + I(—•^). It follows 
that Tr;^([R']) = I^(£) + I^(—£). Since Try([R']) has coefficients in Z>o[ci;,each of its 
terms survives in the classical limit, and hence the quantum trace Tr^([R']) is the sum of 
exactly two terms, whose classical limits are I^(^) and From Lemma [2.301 we know 

that Try([iF]) is ^-invariant, and hence so are its highest and lowest terms. It follows from 
Lemma [2.181 that these terms are simply the Weyl orderings of I^(^) and I^(—£). The lemma 
now follows from the dehnition of on a peripheral loop. □ 

Lemma 3.25. If £ is a peripheral loop and i' is any lamination, then 

r{i)r{i') = r{i + e'). 

Proof. Since ^ is peripheral, we can move it into a small region of a puncture disjoint from all 
curves of P. Then the union of the curves of £ with the curves of P represents the lamination 
£ + P. By dehnition, F(£)r(f) = r(£ + P). □ 

Lemma 3.26. Let £ and P be two laminations on S', each represented by a single nonpe¬ 
ripheral curve of weight 1, and let k and k' be positive integers. Then 

r{tf r{pf = i', k, k'- p')r{p') 

t>&AL{S,T) 

where F, k, k'] P') G Z[a;^, and only hnitely many terms are nonzero. 

Proof. Let K and K' be framed links with constant elevation and vertical framing that 
project to the curves t and f", respectively. Then each of the skeins [K] and [K'] has a 
projected diagram with no crossings and no kinks. Therefore, so do the superimposed skeins 
[KY and [K'Y ■ The projected diagram for [KY is a disjoint union of parallel copies of that 
of [K], and likewise for [K'Y'■ Note that 

r{p)^r{PY' = Tr^([R:])^Tr^([R:'])^' 

= Ti^ifKYlK'Y') 

= Pi^YK^K'^']). 

By applying the skein relations, we can write 

N 

i=l 

where N and pi are integers and each Ki is a link equipped with the vertical framing at 
every point whose projection to S has no crossings or kinks. Then 

N 

Tr“([iF^iF'^']) = ^a;2p*Tr^([iFi]). 

i=l 
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We now claim that each Tr^([it'j]) can be written as a hnite linear combination of ex¬ 
pressions with coefficients in Z[a;^, Indeed, we may assume that Ki has no con¬ 
tractible curves since any contractible curve equals — (o;^ -|- u:~^) in the skein algebra. Then 
each Ki projects to a collection of nonintersecting and noncontractible curves on S. Write 
, Ci^Mi for the components of this projection. Let ..., Ci^Mi be framed links ob¬ 
tained by embedding these curves at constant elevations with vertical framing. Then the 
skeins [Cj^i],..., commute, and we have 

m = [A,,]... iA,«.]. 

Since Tr^ is an algebra homomorphism, we have 

T\'¥(|A'j]) = TY¥(|G.,il)... 

By Lemma 13.241 and the dehnition of 1“^, the right hand side of this expression can be 
written as a hnite sum of terms of the form 

r(4)r(4)...r(£,^^) 

where, for each j, denotes a lamination represented by a single loop of weight 1 or —1, 
whose homotopy class coincides with the homotopy class of Ci^j. So, for any distinct indices 
j and j', the laminations 4 it., are either disjoint or represented by the same curve. 
Thus, in particular, all of the factors in this expression commute, and thus we can rewrite 
the expression as 

where m* is a positive integer, Ri,, Rm^ are positive integers, £si, • • •, are mutually 
disjoint and mutually nonhomotopic laminations, each represented by a single loop on S. 
Suppose isj is represented by a nonperipheral curve. Then by Lemma 13.191 we have 

K 

b=0 

where are nonnegative integers. Therefore, we can write the previous displayed expres¬ 
sion as a hnite Z>o-linear combination of terms of the form 

r(6i4)r(624)...r(4,4J 

for nonnegative integers 61 ,..., and this equals 

^"^{blisi + b2iss +-^ bmiismi)- 


This completes the proof. 


□ 
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Lemma 3.27. Let ^ and be two laminations on S', each represented by a single nonpe¬ 
ripheral cnrve of weight 1, and let k and k' be positive integers. Then 


r (fc£)r (fc'f) = 

1 "&Al{S,X) 

where c‘^{ki, k'i'] i") G and only hnitely many terms are nonzero. 

Proof. For convenience, let ns give names to the coefficients of the Chebyshev polynomials: 

k 

Fk{t) = G Z[t]. 

6=0 


Observe that 


r{ki)r{k'i') 


Fkir{i))F,fr{i')) 

5^4,6rwM 5^4',6'r(^')'' 

6=0 / V 6'=0 

k k' 

6=0 6'=0 


It now snffices to show that we can express [PY as a linear combination of expressions 

with coefficients in Z[cj^, When 6 = 0 or 6' = 0, we can do this nsing the 

inverse Chebyshev polynomials. When both b and b' are positive integers, the claim follows 
from Lemma 13.261 □ 


Proposition 3.28. If i and P are any laminations on S, then 

r{e)r{p)= 

£''&ALiS,Z) 

where c'^(£,£';£") G Z[ci;^, 0 ;“^] and only hnitely many terms are nonzero. 

Proof. Write 

£ = ^ kiP, 

i 

«" = E 

i 

where ii (respectively, Pf) are the curves of i (respectively, P) with each homotopy class of 
curves appearing at most once in the sum and /cj, fc' G Z. Then 

r{i) = l[r{kdi), 

i 

i 


and the proposition follows from repeated applications of Lemmas 13.271 and 13.251 


□ 








4 Main result 


4.1 The notion of parity 

We have now proved most of the statements that we need to establish our main result, but it 
remains to show that the map : .4,^(5, Z) —)■ gives rise to a map : Asl 2 ,s{'^^) ^t- 
The proof of this will require a digression. 

Definition 4.1. An ordered collection X of elements xi,X 2 -, ... in an algebra over C is 
said to be -commuting if there is a skew-symmetric integer matrix Sij such that 

XiXj = u‘^‘^'AjXi, for all i,j G {1, ..., n}. 

In this case, a single-term Laurent polynomial in xi,..., with coefficient of the form 
for some integer N is called a Laurent u:-monomial in xi,..., or in A. When a Laurent 
a;-monomial in xi,..., is written as 


U^X\^X^2 ■ ■ ■ 


for some integers A^,pi,p 2 , ■ ■ ■ ^Pni we say that it is written in standard form. 

Note that any Laurent cu-monomial in xi,..., can be transformed into a unique stan¬ 
dard form using the commutation relations. 

Definition 4.2. Let X be an ordered collection xi, ... ,Xn of cu^-commuting variables. Two 
Laurent w-monomials in X, whose standard forms are u^x^^ ■ ■ -xlf^ and xf^ ■ ■ ■xfL, are 
called parity compatible or X-parity compatible, when: 

Pi = p'- (mod 2) for alH = 1,..., n, and N = N' (mod 4). 


Parity compatibility defines an equivalence relation, indicated by ~, on the set of Laurent 
O'-monomials in X. 


Lemma 4.3. For any Laurent a;-monomial in X, say uj^Xi^ ■ ■ ■ Xi^, and for any i G {1,..., n}, 
one has 

2 / N \ / N \ / N \ 2 

Xi{u Xi,---XiJ^{u Xi,---XiJ^{u Xi,---XiJXi. 

Proof. Write u^Xi^ ■ ■ ■ Xi^ in its standard form, say ui^'xf^ ■ ■ ■ x^. Note that xfxj = u^^^^Xjxf, 
for each j. Thus 


2 / N' Pi 
xl [UJ 






■ x: 


,Pi+2 


• • - x: 


i?i +2 


rpPn 

, rpPn 
X'rn 


for some integers N”, N'". Dehnition 14.21 savs that both of these are parity compatible with 
x\^ ■ ■ ■ x^), hence with • • • Xi^. □ 
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Lemma 4.4. Let /i, / 2 , /a, be Laurent cu-monomials in X. Then 


/i ~ /2 ^ /s fi U ~ /s /2 /4- 


Proof. Write fi and /2 in standard forms: 


fi = 


N^pi 


= (jJ X 


1 


' X\ 


.Pn 


f2 = 


N'Pi 


= Ul X 


1 


rpPn 
•^n ) 


so we have p* = p' (mod 2) for alH = 1,..., n and N = N' (mod 4). Let us prove the lemma 
only for the case /s = 1 and = Xj for some j. Note that x^'^Xj = so 


.Pnrr. = ^^+‘^T,i>j^iiPi .. . j^Pn 


, rv't'll rp . 

d^n 


h fi fi = = uj- 

fs /2 fi = UJ^'x\^ ■ ■ ■ xf^Xj = x\^ ■ ■ ■ x^^^^ ■ ■ ■ X^" 


Note that 


N 


i>j 


^ijPi 


N' + 2 


i>j 


= {N - N') + ^ Eij 2{pi - p') = 0 (mod 4) 


i>j 


because = 0 (mod 4) and pj — p' = 0 (mod 2). So the lemma holds in the case when 

/a = 1 and /4 = xj. A similar proof works for the case when /a = Xj and /4 = 1. For general 
/a and f^, one can apply these simple cases repeatedly. □ 

Corollary 4.5. Let /i, /2, /a, /4 be Laurent cn-monomials in X. Then 


fi ~ /a and /a ~ /4 ^ / 1/3 ~ f 2 fi- 


Proof One notes that /i ~ /a implies /i/a ~ / 2 /a and /a ~ /4 implies / 2 /a ~ f 2 fi, from 
Lemma [4.41 The result then follows from the transitivity of □ 

Definition 4.6. Let Q G Z/4Z and q = (gi,...,g„) G (Z/2Z)”. A Laurent ca-monomial 
in X, say u^xf^ ■ ■ -x^" in its standard form, is said to be of parity (Q, q) if pi = qi (mod 2) 
for alH = 1,..., n and N = Q (mod 4). 

We note the following simple facts about parity: 

Lemma 4.7. A Laurent cn-monomial in X is of parity ((5,q) for unique Q G Z/4Z and 
q G (Z/2Z)”. □ 

Lemma 4.8. Two Laurent ca-monomials in X are parity compatible if and only if both of 
them are of parity (Q, q) for some Q G Z/4Z and q G (Z/2Z)”. □ 

Later we will need to consider sums of Laurent cu-monomials in X. 


Definition 4.9. Let A be a collection of variables Xi,... ,x„. Then dehne 

Z‘^{A} := Z‘^(xi,x/\ ... ,Xn,xf^)/{xjxf^ = xJ^xj = 1, XjXk = u'^^^'^XkXj) 

where Z‘^ := Z[a;,a;“^]. 
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Equivalently, is the algebra generated by Laurent (u-monomials in A, with mul¬ 

tiplication given by the distributive law. It can be decomposed into subgroups according to 
parity. 

Definition 4.10. For Q G Z/4Z and q G (Z/2Z)"', let (Z‘^{A})(q q) be the additive subgroup 
of Z‘^{A} generated by those Laurent cu-monomials in A that have parity {Q, q). 

In view of Lemma [4.81 we say that two nonzero elements of Z'^{A} are parity compatible 
if they he in some common (Z^{A})(q q). In this case, they are said to be of parity {Q, q). 

Lemma 4.11. One has 


Z“{^}= 0 (Z“{-1'})(«,,). □ 

{Q,q)eZ/4Zx(Z/2Z)" 

Lemma 4.12. The parity is “multiplicative” in the following sense: For any two elements 
{Q, q) and {Q', q') of Z/4Z x (Z/2Z)”’, there exists a unique third element {Q", q") such that 


(Z"{4'})(0,,, ■ (Z"{A'}),0.,,., C (Z“{4'}),«»,,»). 

Proof. Let / e and /' e (Z“{A'})(g. q') be Laurent cj-monomials. Then their 

product //' is again a Laurent cj-monomial in A, hence is of parity {Q", q") for a unique 
(Q",q"), by Lemma |4.71 Pick other Laurent cj-monomials in A, say g G (Z‘^({A})(Q,q) and 
g' G (Z“’({A})(q/ q/). Since f ^ g and f ~ g', we get ff ~ gg' from Corollary 14.51 and 
hence Lemma [4.81 tells us that gg' is also of parity (Q", q"). □ 

Lemma 4.13. In Lemma 14.121 if q' = 0 = (0,..., 0) G (Z/2Z)"', then (Q", q") = {Q + Q'i q). 
If q = 0, then (Q", q") = {Q + Q', q')- 

Proof. Note that G (Z‘^{A})(q/ o) where N = Q' (mod 4). The product of any Laurent 
cu-monomial in A belonging to (Z“^{A})(Q q) and G (Z‘^{A})(q/ o), regardless of the 
product order, belongs to (Z“^{A})(Q+Q/_q). The claim now follows from Lemma 14.121 □ 

4.2 Parity compatibility of terms 

We will now apply the general theory of the previous section to Laurent polynomials of 
the form for ^ a lamination. In this section, when we speak of .^-parity compatible 

monomials, we are taking ^ to be the set of generators Zi,..., of the Chekhov-Fock 
algebra associated to an ideal triangulation. 

Fix an ideal triangulation T, and let T be the associated split ideal triangulation. Let 
ti,... ,tm and Bi,..., Bnhe the triangles and biangles of T, respectively. If fP C S' x [0,1] is 
a link with the vertical framing having a projected diagram with no crossings and no kinks, 
then we will put it in good position with respect to T as follows. First, deform K by an 
isotopy so that its projection intersects each edge of T in the minimal number of points. 
Choose a point where the projection intersects an edge of a biangle Sjj. This point lies on 
an edge of some triangle and we can deform K so that it travels over this triangle at 
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constant elevation before coming to another biangle Bi^. We then deform the link so that its 
elevation decreases while passing over Bi^ nntil it reaches another triangle We deform K 
so that it passes over this triangle at constant elevation before coming to another biangle Bi ^, 
where its elevation decreases. Continne this process nntil the cnrve retnrns to Bi^ for the 
last time. Since the cnrve is closed, its elevation mnst increase as it crosses Bi^. 

We now orient the edges of each biangle so that the two sides point in the same direction. 
This allows ns to draw the projection to S nsing the pictnre conventions of Bonahon and 
Wong, reviewed in Section [2J For every biangle other than Bi^, the projection has no inter¬ 
sections since the link is always decreasing in elevation. On the other hand, the projection 
to will have the following form. 



Let Kj = K n (tj X [0,1]) and = K n {Bi x [0,1]) be the links associated with the 
triangles and biangles, respectively. Using the skein relations, we can write 

N 

where N and pa are integers and each is a link with the vertical framing and no 

crossings. Snppose we are given a state : dLi-^ {+)“}• Then for each a, we get a 
nnmber Tr*^, TjJ) by Dehnition 12.291 It is expressed as a Laurent monomial in uj. 

Lemma 4.14. Let and b® two different resolutions of the skein [LiJ. If 

Tr'^. TjJ) and Tr'^. TjJ) are both nonzero, then they are ^-parity compati¬ 

ble. 

Proof. Note that any resolution of [LjJ has the same number of curves ending on either 

side of the biangle Sjj. It follows that there must be equal numbers of components of the 

types illustrated in the middle and rightmost pictures immediately preceding Dehnition l2.29l 

(Here we are ignoring the values of the associated states.) 

Let and be two different resolutions of the skein [LjJ. For any resolution 

of this skein [Lif\, we have numbers 6^^ Dehnition 12.291 By the above 

remarks, we know that when we pass from to [Li.^^a 2 ]-i ^^e numbers hf + hf and cl-l-c+ 

change by the same amount. This fact, combined with the formula in Dehnition 12.291 implies 

that Tro, ([Lj^ Tjj]) and Tr^. {\Li^a 2 iPi]) .^"-parity compatible, provided both are 
*1 ^ ’ '^1 ’ 

nonzero. □ 
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Recall that the quantum trace Tr^([R']) is dehned as a sum 


TirdA'I) = 


compatible crj, 


n'IVS,([U.A])0TV?(|A'i,a,]) 


2=1 


J=1 


over mutually compatible states aj : dKj —)■ {+, —} and r* : dLi —)■ {+,—}. The factor 
Tr^ ([R'j, (jj]) in this expression is given by 


TrplAj.ajl) = Tr"([fc,,<7yl)Tr“(|fc2,<T,l) 




where ki,... ,ki are the components of Kj and Tr^. ([^*5 ^j]) is either 0 or a Weyl ordered 
product of two generators of a triangle algebra, depending on the state aj. For i = 1,... ,n, 
let us choose a resolution [Li^^] of the skein [Lj] over the biangle Bi using the skein relations. 
Since we have deformed K into a good position where the only crossings over a biangle occur 
over Rjj, this amounts to a choice of resolution [Tii,Q-] of [Tq]. Given a set s = {(Tj,Ti} of 
mutually compatible states, we dehne 


Tr^(s,a) := J]Tr^^([L,„, 
2=1 


7-.])0Tl'PlAj,ffj|). 

i=i 


We will also consider a slight modihcation of Try(s, a). Precisely, we replace each factor 
Tr^. ([fcj, (jj]) in the above dehnition by the expression 


(Tr“)'(|fci,<7,l) := [ZJtZ”] 

from part [2] of Theorem 12.241 and denote their product by (Tr^.)'([iFj, Uj]). We then dehne 


(Tl'5;)'(s,a):=nTlB,(|A... 

2=1 


i=i 


This modihed expression is equal to Tr^(s, a) whenever the latter is nonzero. 

Lemma 4.15. Let Si = {(Tij^Tu} and S 2 = {o' 2 j,'r 2 i} be two collections of mutually com¬ 
patible states for the links Kj and L*. If (Tr^)'(si, ai) and (Tr^)'(s 2 , a 2 ) are both nonzero, 
then they are ^-parity compatible. 

Proof. Suppose that S 2 is obtained from Si by simultaneously changing the common signs 
associated to the points on either side of a strand that crosses a biangle Suppose tj 
and tj are distinct triangles on either side of B^, and let Zj^ and Zj^ be the generators of 
the associated triangle algebras corresponding to these edges. Then it is straightforward to 
verify that 

(T\r,)'(|AV ffij]) = ay]) 

and 

(TVrj'dA,, fful) = )'(|Aj. ay]) 
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for integers Nj and Nj where the signs are either all + or all —. These are the only factors 
of (Try)'(si,a) that differ from the corresponding factors of (Try)'(s 2 , a). It follows that 

(Tr-)'(si,«)~(Tr-)'(s2,«) 

provided both are nonzero. A similar argument shows that (Tr^)'(si, a) ~ (Tr^)'(s 2 ,a) in 
the case where the biangle is associated with the internal edge of a self-folded triangle, 
provided both are nonzero. 

Next, suppose that S 2 is obtained from Si by simultaneously changing a -|- sign and a — 
sign associated to points on the same side of a biangle connected by a strand in B^. Let 
tj be the triangle adjacent to this edge. It is straightforward to verify that 

for some integer Nj. In this case, the factor Tr‘^^([Le,a, Tg]) also changes by a factor of 
It follows that 

(Tr^)'(si,a)~(Tr^y(s2,a) 
provided both expressions are nonzero. 

The result now follows by applying hnitely many elementary moves of the above types 
together with Lemma 14.141 □ 

Note that, by dehnition, Tr^([iL]) is given by 

S,Q: 

where the sum is over all collections s of compatible states and all a. Hence Lemma 14.151 
implies the following. 

Lemma 4.16. If iL C S' x [0,1] is a link with the vertical framing and no crossings, then 
all terms of Trij^([iL]) are .S°-parity compatible. □ 

Note that if all terms of an element / G are parity compatible, then in particular, 

the highest term of / has the same parity as / itself. Thus we can reformulate the previous 
result in the following way. 

Lemma 4.17. Let £ be a lamination represented by a single nonperipheral curve of weight 1. 
Let (Q,q) be the unique element of Z/4Zx (Z/2Z)"'such that G (Z‘^{^})(q q). Then 

!“((>) e (Z“{ir})(o.„, ’ □ 

We now proceed to consider more general laminations. We begin with a couple of tech¬ 
nical lemmas. 

Lemma 4.18. Let £ be a lamination consisting of a single nonperipheral curve of weight 1. 
Then G (Z‘^{.^})(o,o), for every nonnegative integer h. 
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Proof. Let /Xj = 20, be twice the coordinate of i associated to the edge i. Then jj,i is an 
integer, and Proposition 13.141 says 


[r{i)f = [z>f^ ■ ■ ■ zii-]. 

We have 

[r{ifY = = [zY ■ ■ ■ zlY- 

Note that 

Since 26/ij = 0 (mod 2) for each i = 1,... ,?7, and thus — £p(2&/r,)(26/rj) = 0 (mod 4), 

one easily sees [Z^^ ■ ■ ■ ZY""] ^ (Z‘^{-^})(o,o )5 from Dehnition 14.61 

On the other hand, Lemma 14.171 tells us that I^(f') G (Z‘^{.^})(Q_q) for a unique (Q,q). 
Therefore, by applying Lemma 14.121 repeatedly, we see that there is a unique (Q', q') such 
that G (Z‘^{^})(Q/^q/). We just showed that belongs to (Z'^{.^})(o,o), hence 

(Q',q') = (0,0). ’ ’ □ 

Lemma 4.19. Let £ be a lamination consisting of a single nonperipheral curve of weight 1. 
Then there exists ((5,q) with G (Z‘^{.^})(g q) for all nonnegative integers b. 

Proof. Lemma [4.171 tells us that I‘^(£) G (Z‘^{.^})(Q_q) for a unique (Q, q). Suppose 6 is a 
positive integer. Then Lemma [4.181 savs G (Z‘^{.^})(o,o)- Finally, Lemma 14.131 savs 

that the product of W{€) and belongs to (Z‘^{.^})(Q^q). □ 

Lemma 4.20. Let £ be a lamination consisting of a single nonperipheral curve of weight 1, 
and let fc be a positive integer. Let (Q,q) be the unique element of Z/4Z x (Z/2Z)"' such 
that [r{kiY e (Z-{^})(Q,q). Then r{ki) G (Z-{ J^})(Q,q). 

Proof. Recall that for any positive integer fc, we have 

r{ki) = Ffc(r(£)) 

where Fk{t) G Z[t] is the fcth Chebyshev polynomial. Notice that Fk has only terms of 
degrees that are of same parity (in the usual sense) as k. That is, for odd k, F^ has only 
odd degree terms, and for even k, F^ has only even degree terms. For even k, Lemma 14.181 
implies I‘^{ki) G (Z‘^{^})(o,o)- For odd A;, Lemma 14.191 implies I‘^{ki) G (Z‘^{^})(Q_q). It 
follows that for any k there exists (Q, q) such that l^{kt) G (Z^{.^})(Q_q). It is easy to see 
that this statement implies the lemma. □ 

Lemma 4.21. Let p be a lamination consisting of a single peripheral curve with arbi¬ 
trary weight. Let (Q,q) be the unique element of Z/4Z x (Z/2Z)"' such that [f^{pY ^ 
(Z“{2"})(0,,). Then r(p) e (Z“{ir}),e,„. 

Proof. This follows trivially from the fact that, in this case, f^{i) equals its highest term. □ 
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4.3 Proof of the main result 

In this section, we prove the results stated in the introduction. 

Theorem 4.22. There exists a map : Asl 2 ,s{'^^) satisfying the following 

properties: 

1. The map is identified with Fock and Goncharov’s duality map in the classical limit; 
I\i) = I{i). 

2. The highest term of F(£) is the Weyl ordering 

q—'^icj SijO-iO-j 

where ai is the coordinate of ^ associated to the edge i. 

3. Each is a Laurent polynomial in the variables Xj with coefficients in Z[g, 

4. Let * be the canonical involutive antiautomorphism of that fixes each Xj and sends q 
to Then *F(£) = F(f'). 

5. For any G Asl 2 ,s{'^^)i we have 

F (£)?''(£') = F(£,f;r)F(r) 

^"G.4sz,2,s(Z*) 

where A{i,£''A") ^ and only finitely many terms are nonzero. 

6 . Let g be a primitive Xth root of unity for odd X. Then we have the identity 

F(XX)(Xi,...,XO = l'W(Xf^,...,X,f). 

7. Let £ he a point of the tropical space Asl 2 ,s(^^) with coordinates 6 i,... ,bn, and let 

ai,...,a„ be integers satisfying — 0 all i E I. \i £' E Asl 2 ,s{'^^) has 

coordinates Oj + bi for i E I, then 

F(f) = ■P{£). 


For triangulations T and T', the maps and are related by o I^,. 

Proof. For £ E Asl 2 ,s{’^^), we define ¥{£) = F(£) where a; is a fourth root of q. Let us check 
that this gives a map F : Asl 2 ,s{'^^) Xf. with the required properties. 

1. If g = 1 then a; is a fourth root of unity. We will show in part 3 that the coefficients 
of F(f') are Laurent polynomials in Therefore I'^{£) is unchanged if we assume a; = 1. 
We saw in Proposition 13.121 that F can be identified with the map I defined by Fock and 
Goncharov when a; = 1. 
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2. We saw in Proposition 13.141 that the highest term of is [ZfP .. where 

/ij = 2ai is twice the coordinate of i associated to the edge i. This equals 

[Zf' ...Z^"] = ... Zl^-] 

_ £ij(2ai)(2aj)2'2ai ^2a„ 

_ p—'Zicj vein 

H ^^1 ••• 

as desired. 

3. Let i G Asl 2 ,s{'^^)- Then we can write 

i = kiii H-h Kir +Pi-\ - \-Ps 

where ii,... ,ir are represented by nonperipheral curves of weight 1, pi,... ,Ps by periph¬ 
eral curves, ki,...,kr are positive integers, and the laminations appearing in the decom¬ 
position are mutually disjoint and mutually non-homotopic. We can hnd unique elements 
(Qi, qi),..., {Qr, qr), (Q'l, qj), • • •, (Q*, q'J of Z/4Z x (Z/2Z)” such that 

[r{Km^ G [r{p,)f e 

for all i and j. Then Lemmas 14.201 and 14.211 tell us that 
r{Kii) e r(p,) G 

By repeated use of Lemma 14.121 we see that there exists a unique {Q, q) ^’LjA'Lx 
such that 

r{i) = r{Kii )... r{krir)r{pi) • • • e (z^^i 

Moreover, we can say what (Q, q) is. This last equation implies in particular that 

|r(«)]" € (Z"{ir})(o,,,. 

From part 2, we know that 

[r(()]» e (Z"{ir}),„,„,, 

So (Q, q) = (0, 0). This means that is a Laurent polynomial in Xi = ..., 

whose coefficients are Laurent polynomials in g = with integer coefficients. 

4. The canonical antiautomorphism * on restricts to the canonical antiautomorphism 
on the subalgebra C By Proposition 13.131 \^{i) is invariant under this map for any 
lamination I G Asl 2 ,s{'^*^) ^ Al{S.,'L). 

5. This product formula was proved in Proposition 13.281 We need to show that the 
coefficients in this expansion are Laurent polynomials in q and that the laminations i” 
appearing in the decomposition lie in Asl 2 ,s{'^^)- Note that if £, i' G Asl 2 ,s{'^^)-i then the 
expressions and f^{i') both have parity (0, 0), and therefore so does their product. Let 
us expand this product as 

k 

i=i 
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for distinct laminations £'/,... G ^^(5,Z) and 0 7 ^ {£,£']£”) G Z[a;^,a;“^]. We can im¬ 
pose a lexicographic total ordering > on the set of all commutative monomials so 

that [I^{£j)]^ is the highest term of with respect to this total ordering. By Lemma [3.151 
the highest terms of the I^{£j) are distinct, so we may assume 

[I\£'l)f>[l\£'')f>--->[l\£l)f. 

Consider the expression c‘^{£, £'] £'[) \i^{£'{)]^. It cannot cancel with any other term in the sum, 
so it must have parity (0, 0). A term of c^(£, f"; £'{) has parity (Q, 0) for some Q G Z/4Z, so 
Lemma [4.131 implies that must have parity (—Q, 0). This means that all exponents 

in the monomial \l'^{£'{)]^ are even, and hence £'{ G Asl 2 ,s{'^^)- By part 3 we see that T^{£'{) 
has parity (0,0), hence so does \l‘^{£'{)]^. Hence c^(£, is of parity (0,0). Equivalently, 
it is a Laurent polynomial in q with integral coefficients. Applying Lemma 14.131 again, we 
see that c‘^(£, f"; £")I‘^(f'") has parity ( 0 , 0 ), and therefore so does the sum 

k 

i=2 

Arguing as before, we see that £'2 G Asl 2 ,s{'^^) and (A{£^£!\£!!^ is a Laurent polynomial in q. 
Continuing in this way, we see that all £'' lie in the space Asl 2 ,s{'^^) and all d^{£, £'] £”) he 
in the ring Z[g,g“^]. Let c^(f', f"; £") := d^{£,£']£'j) for each j to get the desired result. 

6 . Suppose £ G Al{S, Z) is a lamination on S consisting of a single nonperipheral loop of 
weight 1. Let g be a primitive A^th root of unity for odd N, and choose A so that q = A~‘^. 
Then A^ = ±1. If A^ = —1, then we can replace A by A = —A, and we have q = A~^ and 
A^ = 1. Thus we can assume that A^ = 1. It follows that 

K := A^' = 1. 

Choose u so that A = Then = ±1. As before, we can replace u by —u if necessary 
and assume that = 1. Then 

i .= OJ = 1 . 

Note that A^ is a primitive A^th root of unity since N is odd. We can therefore apply 
Theorem 13.161 with our choices of A and uj. Let iC be a framed link in S' x [0,1] with 
constant elevation and the vertical framing that projects to £. Then Theorem 13.161 implies 

F^(Tr^([iL]))(Zi,..., Z„) = Tr^(F^([iL]))(Zi,..., Z„) 

= T 4 ([A 1 )(Zf'....,z 7 ), 

Consider a lamination k£ consisting of a single nonperipheral curve of weight k. It is well 
known that Chebyshev polynomials satisfy Fg o Ft = Fgt for any positive integers s and t. 
Using this fact and the previous calculation, we see that 

r{Nk£){Zt, ..., z„) = FkNiTmmiZ,, ...,Z^) 

= Ffc(Fjv(Tr^([iL])))(Zi,...,Z„) 

= F,(Tr^([iL]))(Zf,...,Zf) 

= r(fc£)(zf,...,zf). 
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On the other hand, suppose i G Al{S,'Z) is a lamination on S consisting of a single periph¬ 
eral loop. Let /ij = 2aj be twice the coordinate of i associated to the edge i of the ideal 
triangulation. Then 

r{Ni){Zi, ...,Zn) = ... Z^^^- 

= l\^){Z^,...,Z^). 

Finally, if ^ is any lamination, we can write ^ ki^i where ^i are the curves of ^ with each 
homotopy class of curves appearing at most once in the sum and ki G Z. Then the above 
calculations imply 

r(iV£)(Zi, ,Zn) = \[ r{Nkdi){z^, ..., ^n) 

i 

i 

= i\e){z^,...,z^). 

Restricting to £ G Asl 2 ,s{’^^) yields the desired result. 

7. Let tti,... ,an be integers satisfying = 0 for all elements i G /. Consider the 

lamination F' having coordinates {a*}. Let k be an edge of the ideal triangulation of our 
surface that separates two triangles. The union of these triangles is a quadrilateral and the 
number SkjCij equals the signed weight of curves of the lamination I” that go diagonally 
across this quadrilateral, connecting opposite sides. Therefore the condition Eijttj = 0 
implies that no curve of goes diagonally across a quadrilateral. Equivalently, each curve 
of is peripheral. 

Since each curve of F' is peripheral, we can deform the curves of into a small neigh¬ 
borhood of the punctures so that they do not intersect the curves of ^. Then the union of 
the curves of ^ and represents the unique lamination with coordinates a* -|- hi for i E I. 
Call this lamination i'. We know that F(F') equals its highest term: 

i 

Therefore 

F(f) = F(r)F(£) 

= JJXf ■ F(£) 

i 

as desired. □ 
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